In this paper we investigate the asymptotic behaviour of the classical continuous and unbounded almost periodic function in the Lebesgue measure. Using diophantine approximations we show that this function can be estimated by functions of polynomial type and we give the best polynomial estimation.
Introduction
The classical theory of almost periodic functions initiated by H. Bohr (see [1] [2] [3] ) has been extended by many mathematicians e.g. by A. S. Besicovitch [4] , S. Bochner [5] , B. M. Levitan [6] , J. von Neumann [7] , V. V. Stepanov [8] and H. Weyl [9] (see also [10] ).
One of essential generalizations of classical almost periodic functions connected with the Lebesgue measure, is the class of µ-almost periodic functions which was introduced by Stepanov (see [8] ). In the literature these functions are sometimes also called measurably almost periodic (see e.g. [10, 11] ). Let us emphasize that these functions are de ned on the class of measurable functions which do not have to be locally integrable. Some interesting results on µ-almost periodic functions one can nd for example in the papers [12] and [13] . In this paper we investigate the asymptotic behaviour of the classical continuous and unbounded µ-almost periodic function f : R → R de ned by formula
It was proved in [14] that the function f can be estimated by functions of exponential type. To be precise, it was shown that for every λ < the following equality holds
Let us add that the direct proof of the above equality is long and technically complex, and it is based on continuous fractions machinery. In this paper, using in particular the Liouville Theorem, we are going to establish that the exponential function which appears in the limit ( ), can be replaced by a function of polynomial type. Moreover, among such polynomial estimations, we indicate the best one. Now we recall basic de nitions and facts which will be needed in the proof of the main results. By L (R) we denote the family of all equivalence classes of real-valued Lebesgue measurable functions.
Let X be an arbitrary set and let f , g : X → R. If there exists C > such that for every x ∈ X we have
. For a ∈ R, we de ne a := z, where z ∈ Z is such that z ≤ a < z + . Now we recall the notion of a µ-almost periodic function.
De nition 1.
A function f ∈ L (R) is said to be almost periodic in the Lebesgue measure µ (or simply µ-almost periodic), if for arbitrary numbers ε, η > the set
is relatively dense, that is, there exists a positive number ω, such that each open interval (a, a + ω), where a ∈ R, contains at least one element of the set E{ε, η; f }.
Let us also recall the well-known Liouville's Theorem.
Theorem 1 ([15]).
If α is an irrational algebraic number of degree n, then there exists c > such that for every p ∈ Z and q ∈ N, we have
We will need the following de nition and results connected with continued fractions.
De nition 2 ([15]). For a sequence a = (an)
∞ n= , such that a ∈ Z and a i ∈ N for i ∈ N, we de ne the sequence ( 
Main results
At the beginning of this section we are going to prove 
It is easy to show that the integers P(x), Q(x) are positive and that
which implies that
Moreover, since √ is an algebraic number of degree 2, by the Liouville Theorem, we get
On the other hand, because ≤ d (x) ≤ , we infer that
and therefore we have
Furthermore
and − cos(y) ≥ y − y for y ∈ R.
By the de nitions of d and d , we get
Therefore, by (2), (3) and the above inequalities we obtain The following theorem shows that the exponent 2 in the above equality cannot be improved. 
does not exist.
Proof. Let P, Q, d , d , d be the functions de ned at the beginning of the proof of Theorem 3. Furthermore, let xn := Q n π for n ∈ N, where the numbers Q n correspond to the sequence ( , , , , . . .) (cf. De nition 2). Then, it is easy to see that the numbers Q n are odd and that
By Theorem 2 and Remark 1 we get
and therefore xn
as well as
which means that
Consequently d(xn) = d (xn), and hence
Furthermore, for y ∈ R we have − cos(y) ≤ y , and so + cos (xn) + cos ( 
